The stochastic variational method is applied to excitonic formations within semiconducting transition metal dichalcogenides using a correlated Gaussian basis. The energy and structure of two-to six-particle systems are investigated along with their dependence on the effective screening length of the two-dimensional Keldysh potential and the electron-hole effective mass ratio. Excited state biexcitons are shown to be bound, with binding energies of the L = 0 state showing good agreement with experimental measurements of biexciton binding energies. Ground and newly discussed excited state exciton-trions are predicted to be bound and their structures are investigated.
I. INTRODUCTION
Much interest has been paid towards the research of two-dimensional (2D) materials ever since the isolation of graphene [1] . Such materials have exhibited behavior indicative of extraordinary potential functionality within nanoelectronics and photoelectronics [2] [3] [4] [5] [6] [7] [8] . While graphene spearheads this movement with its ideal electronic properties, its lack of a band gap limits its capabilities and motivates the search for an alternate semiconducting 2D material, i.e., a "graphene with a band gap" [9, 10] . One popular family of candidate materials is that of the transition metal dichalcogenides (TMDs) which have been heavily investigated [11] [12] [13] [14] .
Such semiconducting materials occurring in 2D monolayers display a notably strong Coulomb interaction between charge carriers as a result of the reduced dimensionality [15] . This enhanced interaction, in turn, leads to the formation of tightly bound electron-hole pairs (excitons) with binding energies on the scale of several hundred milli-electron volts [16] [17] [18] [19] -much greater than those in counterpart 3D materials. Furthermore, charged excitons (trions) have similarly been shown to form with significant binding energies in TMDs, including MoS 2 (20 meV) [4] , WS 2 (45 meV) [20] , and WSe 2 (30 meV) [21] . These surprisingly large binding energies imply that the formation of bound exciton pairs (biexcitons) may be possible, and so far these states have indeed been observed in WSe 2 (52 meV) [22] and WS 2 (65 meV) [23] .
In order to characterize the optical and electrical responses of these materials and assess their potential functionality, one must thoroughly understand these excitonic formations. Effective mass models are commonly chosen to describe electron-hole systems [24] [25] [26] and have been widely employed towards such excitonic formations in 2D materials [27] [28] [29] [30] . Most effective mass approaches use variational methods to calculate binding energies and wave functions, but the path integral Monte Carlo (PIMC) approach has also been recently applied to the geometry and energies of excitons, trions, and biexcitons within TMDs [31] .
In a previous publication, we have shown that while the effective mass model correctly predicts the binding energies of excitons and trions within 2D materials, it fails to do so for biexcitons [32] . The model predicts that the biexciton is less strongly bound than the trion, in contradiction to experimental findings. This discrepancy has also been noted in other effective mass model calculations [33, 34] . However, this is reconciled by the suggestion that the experimentally observed states are actually those of excited biexcitons, as opposed to ground state biexcitons.
In this paper, we study the effect that electron-hole effective mass ratio σ and the material indicative effective screening length r 0 have on the binding energies of these excitonic formations. We do so by means of fully analytical calculations without numerical approximation of the potential. High accuracy is necessary due to the particular nature of this potential and the extended geometry of the allowed bound states. We compare our results to other effective mass model studies [28, 31, 33, 34] , finding good agreement. Furthermore, we include the theoretical ground state energies of fiveand six-body excitonic formations and show that while the five-body system remains bound (this is also concluded in Ref. [34] ), the six-body system is unbound. To the best of our knowledge, we are first in describing excited biexciton and exciton-trion states in 2D materials.
Our computations employ the stochastic variational method [35] applied to exciton (X = eh), trion (X − = eeh), biexciton (X 2 = eehh), as well as five-and six-particle systems using an explicitly correlated Gaussian (ECG) basis. This basis has been previously shown to achieve accuracy of up to 8-10 digits when describing the binding energies of similar systems such as H 2 [36] , H + 2 , and the positronium molecule (Ps 2 ) [37, 38] . This method has been shown to be well suited for describing the binding energies of excitonic structures ranging from the two-body exciton to five-body exciton-trion systems [25, 26, 32] . Previously, we have shown that this method yields values that agree with experimental findings for the binding energies of excitons and trions within TMDs [32] .
The paper is organized as follows. In Sec. II we present the formalism describing our Hamiltonian and variational trial functions as well as the physical quantities to be extracted. Section III entails a comparison of our results with those of other studies along with an extended listing of our results for varying r 0 and σ . Finally, in Sec. IV, we provide concluding remarks.
II. FORMALISM

A. Hamiltonian and basis functions
The nonrelativistic Hamiltonian of an excitonic few-particle system is given by
Note that the e-h exchange interaction [39] has been disregarded throughout the presented calculations. In the case of an excitonic system lying in a 2D plane, the interaction potential V (r ij ) is given by the 2D screened electrostatic interaction potential derived by Keldysh [27] ,
where
Here r i , m i , and q i are respectively the 2D position vector, effective mass, and charge of the ith particle, while r ij = |r i − r j | and r 0 is the screening length indicative of the medium. κ is the average environmental dielectric constant typically described as κ = (1 + env )/2, representing an environment of vacuum on one side and a substrate of dielectric constant env on the other. Unless otherwise specified, throughout this paper the system is assumed to be suspended in vacuum with env set to unity. H 0 and Y 0 are the Struve function and Bessel function of the second kind, respectively. In this form, the resulting energy of excitonic systems is a function of only r 0 and the electron-hole mass ratio σ = m e /m h . The nonlocal macroscopic screening, inherent to 2D systems, distinguishes this potential from its 3D Coulombic counterpart [40] . The length scale of this screening is determined by the 2D layer polarizability χ 2D as r 0 = 2πχ 2D /κ. In the limit of very strong screening (r 0 → ∞), the potential exhibits a logarithmic divergence, while in the limit of small screening length (r 0 → 0), V (r ij ) approaches the usual 1/r behavior of the Coulomb potential. In the latter case, the exact analytic solution for the single-exciton energy is E X (r 0 ,σ )| r 0 →0 = 2 a.u. for a reduced mass of μ = 1 [29, 31] . However, the corresponding energies for excitonic systems with more than two particles are not analytically available.
The variational method is used to calculate the energy of the system. As a trial function we choose a 2D form of the correlated Gaussians [41, 42] :
where the nonlinear parameters are different and independent in both the radial and vertical direction. The above form of the CG belongs to M = 0. To allow for M = 0 states, we multiply the basis by
Thus our nonrestrictive CG function reads as
where M = m 1 + m 2 + · · · + m N , m i are integers, and A is an antisymmetrizing operator. This function is coupled with the spin function χ SM S to form the trial function. The nonlinear parameters are optimized using the stochastic variational method [41, 42] . Explicitly correlated Gaussians (ECG) are very popular in atomic physics and quantum chemistry [42] . The main advantages of ECG bases are as follows: (1) their matrix elements are analytically available for a general N-particle system, (2) they are flexible enough to approximate rapidly changing functions, (3) the permutation symmetry can be easily imposed, and (4) one can make a simple transformation between single-particle and relative coordinate systems. The analytic matrix elements, including those of the Keldysh potential [Eq. (2)] which have not been derived before, are presented in the Appendix. The basis parameters can be efficiently chosen via the stochastic variational method [41] . In this approach, the variational parameters A ij of the ECG basis [see Eq. (7)] are randomly selected, and the parameters giving the lowest variational energy are retained as basis states. This procedure can be fine-tuned into an efficient optimization scheme as described in detail in Refs. [41, 42] .
Reference [42] provides a thorough review of the applications of the ECG basis in various problems. Benchmark tests presented for atoms with N = 2-5 electrons show that the ECG basis can produce up to 10-digit accuracy for 2-3 electron atoms, and while for 2-3 electron atoms the Hylleraas basis is more accurate, for N = 4-5 particles, only the ECG basis seems to be feasible. The ECG basis has also proven to be very accurate in calculating weakly bound states. A series of positronic atoms have been predicted using the stochastic variational method with an ECG basis [43, 44] . The binding energy in these systems [42] ranges from 0.001 to 0.04 a.u. with weakly bound diffuse structures similar to those studied here. Their complicated clustering structures can be accurately described with the ECG basis.
B. Physical quantities
The following physical quantities will be used to describe the properties of the system and characterize the quality of the wave function. The pair correlation function is defined as
where p and q stand for electrons or holes. Using C pq (r), the radial part of the correlation function, the powers of interparticle distances are given by Distances between particles in a bound system are small, and the particles are confined to a distance of a few atomic units. Loosely bound systems tend to be larger, up to several tens of atomic units, but remain finite. In unbound systems, the distances diverge. In order to represent the structure of these systems, correlation functions are reported which are normalized to the number of p-q pairs:
III. RESULTS AND DISCUSSION
In this section, we summarize our results for binding energies within four selected TMDs (Table II) as well as various values corresponding to a range of electron-hole mass ratios σ = m e /m h and screening lengths r 0 . All quantities, unless otherwise specified, are displayed in atomic units. Effective mass and polarizability parameters for the four represented TMDs were obtained from Ref. [29] with an effective mass ratio of σ = 1 used throughout. Our TMD binding energies agree well with those calculated via the path integral Monte Carlo [34] and diffusion Monte Carlo 1.04
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FIG. 1. Energy dependence on effective mass ratio
Energy (a) and binding energy (b) dependence on screening length r 0 for the X, X − , and X 2 systems. The variational data of Ref. [28] , denoted by x's, have been scaled by a factor of 2 in order to account for our μ = 1 convention, as opposed to their μ = 1/2. Also displayed are the PIMC results of Ref. [31] as squares. The effective mass ratios for these data were fixed at 1. h ) −1 was set to unity, obtaining m e = 1 + σ and m h = 1 + 1/σ . Computational details including the number of basis functions used and energy convergence may be found in Table I .
Binding energies for excited state biexcitons were calculated with respect to their associated dual-exciton decay channels. For a σ = 1 system (analogous to the positronium molecule), there are four possible bound states: The trends for energy dependence on mass ratio are presented in Fig. 1 for the X − , X 2 , X * 2 (L = 0), and X * 2 (L = 1) systems. Note that the exciton is absent from this figure, since its ground state energy does not depend independently on either of the electron or hole effective masses, but only on μ which has been fixed. Our values for the trion and biexciton ground state energies agree well with those of Ref. [31] . The dependence of the excited L = 0 state biexciton on σ is notably the strongest of the three biexciton bound states. Interparticle separation dependence on σ is similarly displayed in Fig. 2 . The L = 0 biexciton again shows the highest sensitivity to changes in effective mass ratio. The dependence of energy and binding energy on screening length are presented in Fig. 3 . Our results exhibit good agreement with those of Ref. [28] and [31] . We note that the biexciton ground state binding energy is larger than that of the trion for small r 0 , with a reversal in this relationship coming at screening lengths of ∼0.5 a.u. The specific value for this transition point is dependent on the effective mass ratio. In general, for TMD systems, r 0 ranges between 70-100 a.u.; thus, for realistic cases, the biexciton binding energy is expected to be consistently smaller than that of the trion, in contrast with experimental findings. However, the binding energies of the two bound excited state biexcitons are consistently larger than those of the trion. Furthermore, Table II shows excellent agreement between experimental biexciton binding energies and calculated binding energies of the L = 0 excited state biexciton. The effect of screening length on interparticle separation is shown in Fig. 4 . Similar to the findings for varying effective mass ratio, the excited biexcitons react most sensitively to changes in screening length.
The pair correlation functions of these systems, shown in interparticle separations are listed in Table III . The ground state biexciton C ee and C hh functions are nearly identical with larger r values than that of its C eh function, indicative of two excitons orbiting one another. However, the L = 0 excited state biexciton exhibits correlation functions which offer a different structural interpretation. The relatively larger r hh and long tail of the C eh function imply a geometry more similar to that of a negative trion orbited by a hole. The structure of the L = 1 excited state of the biexciton, meanwhile, behaves comparably to that of the ground state but with less definitive exciton pairing.
Five-body exciton-trions (X − 2 ) were also investigated. As displayed in Table II , our binding energy values agree well with those of the PIMC approach [34] in all but this five-body case. This may be a product of the method's constraint on the symmetry of the wave function throughout calculations. Such may, furthermore, explain the significant MoSe 2 exciton-trion binding energy discrepancy of Ref. [34] , 12.7(4) meV using κ = 2, with respect to experimental observation upon a SiO 2 substrate, 4 ± 1.5 meV [48] . While in the above mentioned calculations we have neglected any environmental dielectric constant arising from a neighboring substrate, we may simulate the presence of such an environment by setting env = 3.9, for the case of SiO 2 [50] , and thus κ = 2.45 in order to better compare with these experimental observations. Using the same effective mass and 2D polarizability parameters as Ref. To the best of our knowledge, Ref. [48] is the only experimental finding of such a formation within monolayer TMDs.
Also included in Table II are binding energies for the L = 1 excited exciton-trions, which are also determined to be bound. Each of these exciton-trion states were found to exhibit X + X − decay channels. Correlation functions for ground state and L = 1 excited state exciton-trions in WSe 2 are presented in Fig. 6 . The namesake is made clear by the large value of r hh and the extended tail of the C eh function. This implies a trion and exciton orbiting about one another. Alternatively, the excited exciton-trion displays a spatially more condensed structure with a less clear substructure. While the above mentioned exciton-trion cases are determined to be clearly bound, other computations using smaller screening lengths indicate minute binding energies. Thus, such systems often require intensive computational times in order to fully resolve whether the formation is bound. For this reason we report only evidence of these structures in TMDs and leave a more thorough study of their dependence on effective mass ratio and screening length as a subject of future investigation.
Due to the confirmation of bound exciton-trions, the six-body (eeehhh) case was subsequently investigated. The energies of these formations in various parameter conditions failed to indicate any allowed bound configurations. This is exemplified by the r 0 = 100, σ = 1 case, whose energy converged to the X + X 2 threshold. The correlation functions of this system (see Fig. 7 ) provide further evidence for this conclusion by exhibiting two peaks, indicative of two separate structures. Similar results were obtained for the above listed choices of TMDs. We conclude, therefore, that five-body formations are the largest excitonic complexes to be expected in 2D materials.
Tables IV-X contain our complete findings for the energies E, binding energies E b , and interparticle separations r of the bound exciton, trion, and biexciton systems for a range of screening lengths and effective mass ratios. These values can serve as a benchmark for theory and may guide experiments. 
IV. CONCLUSIONS
We have applied the stochastic variational method using an accurate correlated Gaussian basis to the calculation of energies and geometries for two-to six-body excitonic formations in transition metal dichalcogenides. Our results lie in good agreement with similar theoretical effective mass model findings for the majority of these systems, as well as existing experimental binding energies for the cases of the exciton, trion, and exciton-trion. Our disagreement with the PIMC approach in the case of the exciton-trion may be due to its constraint on the symmetry of the wave function.
As highlighted in our previous work, there exists a discrepancy between theoretical and experimentally found biexciton binding energies; however, the L = 0 excited state of the biexciton appears to match well with experimental values. This implies that the formations being observed could be these excited states. Also determined to be bound are the L = 1 excited state of the biexciton and exciton-trion. By examining the interparticle correlation functions, the substructures of these excited systems have been investigated. For example, the L = 0 excited biexciton has notably been determined to resemble a negative trion with an orbiting hole. Our findings indicate that no systems containing more than five particles are to be expected in TMDs. Furthermore, the dependence of the binding energy and structure of these systems with respect to screening length and effective mass ratio have been investigated. Our findings for ground state excitons, trions, and biexcitons agree well with previous theoretical work. Unique to this paper, however, is the characterization of excited biexciton states which are expected to be more sensitive to changes in these parameters. The dependence of the bound exciton-trion states on these parameters has been omitted due to computational limitations and is left as the subject of future investigation. Such would become pertinent in the surfacing of further experimental data.
We have shown that while experiments agree well with calculated ground state binding energies of excitonic formations within TMDs, the theory allows for additional excited excitonic structures which have not been observed. We propose that this discrepancy may be explained as a lack of spectral resolution necessary to distinguish the individual signals of these formations; for instance, the trion, ground state biexciton, and L = 1 excited state biexciton are predicted to have similar binding energies. In addition, experiments may not have targeted these hitherto unknown multiple bound states. Further experimental and theoretical work is needed to more fully explain this discrepancy.
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APPENDIX
In this Appendix, we derive analytic expressions for the necessary ECG-basis potential matrix elements. In order to calculate these matrices we take advantage of the generating functions (as explained in further detail within Ref. [51] )
where t = (t 1 ,. . .,t N ) and t k = t k (1,iα k ); α k = ±1 and t k is a variable to be used in taking the derivative of the generating function. The basis functions can be expressed in terms of these generating functions as
Now, we need only calculate the matrix elements with respect to the generating functions, since the matrix elements of an arbitrary operatorB are given by
The calculation of the matrix elements of the kinetic energy and the overlap of the basis functions are presented in Refs. [25, 41, 42, 51] . For spherically symmetric potentials, this calculation reduces to the computation of the 1D integral
where r 0 and c are positive real constants, and n is a nonnegative integer. We can exploit the fact that the screened Coulomb potential,
has a particularly simple momentum-space representation (i.e., 2D Fourier transform) [22] :
Here, the second equality follows by expressing r in polar coordinates (r,θ ) with polar axis aligned with k, and the third equality follows from the identity 
is a linear first-order recurrence relation for I m , with initial condition
Here, γ = √ α/r 0 , F is the Dawson function, and Ei is the exponential integral. This linear recurrence provides an efficient numerical technique for the evaluation of the integral sequence I m , and by Eq. (A12), the desired integral I .
As an important implementation detail, note that Ei(x) grows (sub)exponentially while e −x decays exponentially as x → ∞; thus, the product e −γ 2 Ei(γ 2 ) appearing in Eq. (A15) may contain substantial numerical error due to destructive cancellation when γ is large. Numerical methods exist for the direct evaluation of the scaled exponential integral e −x Ei(x), and are provided by some libraries; these should be preferred when available.
Alternatively, we may also consider power-series expansion of (1 + r 0 k) − While the resulting series has zero radius of convergence (since the function asymptotically dominates the general term), for small r 0 √ c the first several partial sums provide excellent approximation to the exact result.
